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Various modifications of the Prondtl mixing-length model for turbulent momentum transport 
in pipes ond between parallel plone wolls are discussed. The most complete modification, 
due to Gill ond Scher, is improved by replocing one of their two empirical constants by o 
theoreticolly colculoble porometer. The new theory is compored with experimental doto from 
the literoture and found to reproduce frictional resistance doto occurotely for all volues of 
the Reynolds number. It is somewhat in error for velocity profiles o t  high Reynolds numbers, 
but accurately reproduces velocity profife data in the tronsition region. The new theory rep- 
resents the titst accurate semi-theoreticol calculation of frictional resistance coefficients for 
all regimes of flow (laminar, transitional, and turbulent) for both pipes and porollel plone 
ducts, and of velocity profiles in the transitional flow regime in either geometry. 

Since the introduction of the concept of a mixing length 
by Prandtl ( 1 )  various researchers (2  to 5 )  have at- 
tempted to develop analytical expressions for the velocity 
profile for Newtonian fluids undergoing turbulent flow in 
straight channels of constant cross section. These modifi- 
cations of the original theory have each included many of 
the effects ignored by Prandtl. 

Prandtl (1) ignored the spatial variation of shear stress, 
the molecular momentum flux, and the viscous damping 
effect of the wall on the eddy properties of the flow near 
the wall. Van Driest ( 4 )  introduced an exponential factor 
into the expression for the mixing length to accoupt for the 
damping influence of the wall on the eddies, and included 
the molecular flux. Gill and Scher (5) modified the Van 
Driest viscous damping term and introduced the shear- 
stress variation across the conduit. In addition to the ad- 
vantage of a continuous velocity profile expression, such 
as developed by Van Driest ( 4 ) ,  the Gill and Scher modi- 
fication ( 5 )  caused the velocity gradient to vanish at the 
duct centerline, a feature different from all previous work- 
ers' results. 

The present work was undertaken to improve the use- 
fulness of the Gill and Scher modification for engineering 
calculations for the transition flow regime. In their work, 
Gill and Scher ( 5 )  used Van Driests' ( 4 )  exponential 
damping term and introduced an additional empirical con- 
stant in an attempt to include flows in the transition re- 
gion. They used the same two empirical constants for both 
flow in pipes and between parallel plates. As will be 
shown, one of these empirical constants can be replaced 
by a theoretically calculable parameter, thus reducing the 
number of empirical constants to one and achieving much 
better agreement between the theoretical and experimental 
values of friction factors and Reynolds numbers. 

REVIEW OF PREVIOUS WORK 

The time-averaged momentum flux, yij, for turbulent 
flow may be thought of (6) as composed of two parts: 
a molecular flux, rij(l), and a turbulent flux, +). This 
latter flux is often called the Reynolds stress. Prandtl pro- 
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posed (1 ) that ~ i j ( t )  be expressed as 

where L is the so-called "mixing-length," which was re- 
lated to position by L = ky, where k was a universal 
constant and y is distance measured from the duct bound- 
ary. Van Driest ( 4 )  introduced an exponential damping 
term into the definition of L as follows: 

L = ky [ I -  exp (-+y/ym) I (2) 
where ym is the maximum value of y, and 4 is a constant 
related to the Reynolds number. Gill and Scher ( 5 )  modi- 
fied Van Driest's definition of 4 by introducing the em- 
pirical parameter u to give 

In Equation ( 3 )  N R ~ "  is a Reynolds number defined as 

N R e C  = YmU' P/P (4) 
and u' = ( ~ ~ / p ) ' h  is the familiar friction velocity. In 
Equation (3) the empirical parameter a reflects ( 5 )  the 
departure of the flow from the critical transition Reynolds 
number and b is an empirical parameter which is essen- 
tially the same as Van Driest's and which accounts for the 
depth of penetration of the viscous wall damping effect 
into the stream. Gill and Scher used the empirical values 
a = 60 and b = 22 for both flow in pipes and between 
parallel plates. In the following paragraphs these two flow 
systems are reanalyzed by using Equation (2) for L and 
replacing u in Equation (3) by a theoretically calculable 
parameter. Some significant features of the theory which 
were not made clear by Gill and Scher are also discussed. 

THEORETICAL ANALYSIS 

Pipe Flow Case 

In terms of the dimensionless position variable, 4 = 
r / rw,  Equations (1)  and ( 2 )  can be combined with the 
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usual definition of the Newtonian molecular momentum 
flux and the solution of the time-averaged equation of 
motion (6)  to obtain the following dimensionless expres- 
sion for the total momentum flux: 

(5) 
in which U +  = v ( f ) / u * .  In view of Equation ( 3 ) ,  NneQ 
is seen to be a unique parameter such that its specification 
in Equation (5) completely determines the velocity pro- 
file. For purposes of computation, however, a and b in 
Equation (3)  must be specified. This is more conveniently 
accomplished if N R e *  is replaced by a slightly different 
parameter. From the conventional definitions of the Fan- 
ning friction factor and Reynolds number, it is easy to 
show that 

R E NR~VF ( 7 )  
Consequently, Equations (3) and (5) become, respectively 

and 

o =  - [+ S( -5) 
R 

du+ 
+ k 2  (1-5)2{1-expC--d(1-5)1}2 (-=) 

(9) 

In Equation (8) the term R, is used to replace the a 
of Equation (3) because it is recognized that a really 
represents the critical laminar-turbulent transitional value 
of R. In Equation (9) ,  when R = R,, the term involving 
4 vanishes, corresponding to the laminar-turbulent transi- 
tion. 

For Newtonian flow in pipes, it is well known (7) that 
( N R e ) ,  = 2,100, for which case Equation (7) gives 

R, = 2,100~16/2,100 = 183.303 

This critical value of N R e  is the basis of a theory (7) which 
will be used to calculate R, for the parallel plate case be- 
low. It  is of interest to note that choosing a = 80 cor- 
responds to setting R, = 169.705 and ( N R ~ ) ,  = 1,800. 
This value of the critical Reynolds number is at variance 
with accepted results (7) .  

As Gill and Scher (5) observed in their analysis, Equa- 
tion (9) is a simple quadratic in (- du+/rlf)  and is 
easiIy solved formally to obtain 

(10) 

1 { 1 + kZRZ 5 ( 1 - 5) 1.1 - exp ( -4 ( 1 - 5 )  ) 1')'' vh - 1 

The mean velocity <v>, is given by 2u" so1 [u+ &. 

From the definitions of u*, f, aid R, it therefore follows 
that 

The velocity profile may be expressed in dimensionless 
form as 

J g ( k 7 R , 4 J , 6 f ) @  
(14) 

1 
2 

v ( 5 )  /<v> = - 

and the ratio of average to maximum velocity is given by 

<v>/vn,ax = 2 (15) 

Flow Between Parallel Planes 
For the flow of an incompressible Newtonian fluid be- 

tween infinite parallel planes separated by a distance 211, 
the dimensionless expression for the total momentum flux 
may be written for the present model of the Reynolds 
stress as 

In Equation (16) u+ has the same significance as in the 
pipe flow case, 5 = y/h is the dimensionless position vari- 
able (y is measured from the channel centerline), and 

In Equation (17), b has the same significance as before, 
and 

R (18) 

Nne = 4hp <v>/p (19) 

f = 27w/p  <v>2 (20 )  

with NRe and f defined as 

so that for laminar flow f N R e  = 24. For the choice of 
Reynolds number used here one can easily show (7) that 
( N R e ) ,  = 2,800, and hence, R, = 2,800d- = 
259.230. 

By using the same value a = 60 for this problem as in 
the pipe flow case, Gill and Scher ( 5 )  were in reality 
using a value of R, = 339.41, which corresponds to 
( N R ~ ) ,  = 4,800. This value of ( N R e ) c  is greatly at vari- 
ance with the established (7) value of 2,800. 

Equation (16) is clearly quadratic in (- du+/d( )  and, 
as before, may be formally solved to obtain u+ as 

where 
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1 
{ 1 + k2R2 g( 1 - -$)z [ 1 - exp(+( 1 - I )  ) la} Ih - 1 

For this geometry the mean velocity, <v>, is given by 

u’ l1 u+ (I)& Thus, one can write 

The dimensionless velocity profile is given by 

V 

and the ratio of average to maximum velocity is 

RESULTS 

It is evident, in view of Equations (8) and (17), that 
selection of the parameter R (for a preselected value of 
b )  determines unique values of N R ~ ,  v(t)/<v>, and 
<u>/umax by Equations (13) to (15) and (23) to (25) 
for the cases of fiow in pipes and between parallel plates, 
respectively. The uniqueness of these results, and their 
de endence on A is not clear from the paper by Gill and 

showing sets of velocity profile curves for both geometries 
with N R ~  rather than R appearing as the curve parameter. 
These curves were actually computed (8) by using an em- 
pirical f - N R ~  relation to determine R for a given value 
of N R e ,  thus circumventing the integration required by 
Equations (13) and (23). However, as will be seen 
shortly, this procedure can lead to considerable error in 
the transition region for their choice of constants. There- 
fore, in order to avoid such errors, and to provide a com- 
pletely theoretical calculation of the f - N R e  curve for all 
Reynolds numbers, the shortcut method (8) of Gill and 
Scher will not be used here. 

Equations (13) to (15) and (23) to (25) have been 
integrated numerically on a digital computer by means of 
a Gaussian quadrature’ procedure (9). The results of 
these integrations are shown in Figures 1 to 6 together 
with experimental data taken from the numerous literature 
sources cited thereon. Also, in Figures 1, 2, 4, and 5, are 
shown as dashed curves the corresponding results com- 
puted by the author using the constants of reference 5. 

Sc R er ( 5 ) .  In their paper, they presented two figures 

DISCUSSION OF RESULTS 

Fi ure 1 is a plot of the product fNRe as a function of 

transitional, and turbulent regimes of flow. The solid curve 
for N R ~  > 2,100 was calculated from Equation (13) with 
the empirical constant b chosen equal to 22 to achieve 
agreement with the high Reynolds number data. For N R ~  
< 2,100, the solid curve is a plot of the Hagen-Poiseuille 
equation, f N R e  = 16. The dashed curve in Figure 1 was 

N R e  f or flow of Newtonian fluids in pipes for the laminar, 

Although the Gaussian quadrature formulae are the most accurate 
( 9 )  of the numerical quadrature rules, special care must be exercised 
in their use with functions of the type encountered here, as is ex- 
plained in reference 10. 

f N m .  
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1. Product of friction factor times Reynolds number as a 
function of Reynolds number for isothermal flow of Newtonian fluids 
in smooth straight pipes of constant circular cross section. Solid 
curve was calculated from Equation (13). Dashed curve was com- 
puted from the constants of reference 5. Experimental data were 

taken from the sources noted. 

computed by the author using constants of reference 5. 
It is apparent from Figure 1 that the choice of R, given 
by Equation (10) achieves a better representation of the 
experimental data in the transition region than that ob- 
tained previously ( 5 ) .  

Gill and Scher ( 5 )  selected the constant a corresponding 
to ( N R ~ ) ,  = 1,800 because (5 )  “the experimental data of 
Senecal” (11 ) “indicate that the Hagen-Poiseuille equa- 
tion describes How in tubes well up to Reynolds number 
of approximately 1,800.” However, Figure 2, which is a 
plot of <v>/umax as a function of N R ~  computed from 
Equation (15) (solid curve) and which contains the data 
in question (11, 12) ,  clearly shows that ( N R e ) e  = 2,100 
is the correct value to be used. Again, the dashed curve 
was computed from the constants of reference 5. 

Figure 2 reveals a characteristic of this theory not in- 
dicated previously ( 5 ) .  Clearly, for N R ~  > 3,500 the theo- 
retical value of <v>/uma, lies above the spread of the 
experimental data. That this was also true of Gill and 
Scher’s results is evident from the fact that the solid and 
dashed curves merge indistinguishably for N R e  > 6,000. 

It is of interest to note that although the theory fails 
to provide an accurate prediction of <v>/vmax, except 
in the transition range, it does provide an excellent pre- 
diction of the product f N R e  over the entire range of Reyn- 
olds numbers for which data are available. 
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Fig. 2. Ratio of average to maximum velocity as a function of 
Reynolds number for isothermal flow of Newtonian fluids in smooth 
straight pipes of constant circular cross section. Solid curve was 
computed from Equation (15). Dashed curve was computed from the 
constants of reference 5. Experimental data were taken from the 

sources noted. 
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Fig. 3. Ratio of locol to average velocity as a function of dimen- 
sionless position, r / rw ,  for isothermal flow of water in a smooth 
pipe. Experimental data are those of authors cited. Solid curves 

were calculated from Equation (14). 

Figure 3 is a plot of computed velocity profiles com- 
pared with the data of Seneca1 and Rothfus (12)  and 
Nikuradse (13) for two widely separated Reynolds num- 
bers. For the transitional range data (12) the theory is 
seen to follow the data fairly well. For the highly turbu- 
lent data (13), however, the theory crosses the data. In 
particular, the theoretical curve falls below the data for 
4' < 0.5. 

In the highly turbulent range, the influence of the 
parameter R, is no longer significant and the exponential 

factor reduces to that of Van Driest ( 4 ) .  The 

olds numbers and that of Van Driest ( 4 )  is the inclusion 
of the spatial variation of the shear stress which causes 
the velocity gradient to vanish at the centerline of the duct. 

The failure of the present theory to achieve complete 
success in representing velocity profile data as accurately+ 
as Van Driest's theory ( 4 )  is due to the inclusion of the 
spatially variable shear stress term. Evidently, when this 
variation is retained (as physically it must be in any fully 
correct theory), the inherent inadequacy of the Prandtl 
mixing length model to account fully for the details of the 
mean turbulent flow field is clearly revealed. Even the in- 
clusion of Van Driest's wall damping factor ( 4 )  is unable 
to compensate fully for this inherent deficiency. However, 
since what is desired in many applications is an accurate 

between the present theory at large Reyn- 
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Fig. 4. Product of friction factor times Reynolds number as a func- 
tion of Reynolds number for isothermal flow of Newtonian fluids 
in smooth straight ducts of constant rectangular cross section and 
large aspect ratio approximating infinite parallel planes. Solid 
curve was computed from Equation (23). Dashed curve was com- 
puted from the constants of reference 5. ExDerimental data were 

NR.  

taken from the sources noted. 
i Careful examination of Van Driest's paper reveals that his theory 

likewise fell below the velocity profile data near the center of the pipe. 

calculation of the frictional drag resistance, the present 
theory appears to have adequately averaged the velocity 
profile inaccuracies so as to produce an accurate frictional 
resistance curve, and therefore, should prove useful in 
connection with heat and mass transfer analogy calcula- 
tions where this wall frictional resistance behavior is all 
important. Certainly in the transition region very precise 
results should be obtainable, and even in highly turbulent 
flow the velocity profiles near the wall are sufficiently pre- 
cise for accurate heat and mass transfer calculations to be 
made. 

Figure 4 is a plot of the product of ~ N R ,  as a function 
of NRe for flow between parallel planes. The solid curve 
was computed from Equation (23) with b = 23, and the 
dashed curve was computed by the author from the con- 
stants of reference 5. It is clear from Figure 4 that the 
value of R, computed theoretically (7) provides a much 
better representation of the transitional flow data$ than 
the empirical value used previously ( 5 ) .  

Although Gill and Scher proposed using b = 22 for both 
cases, careful examination of Figure 4 reveals that their 
curve lies somewhat above the present theory for high N R ~ .  
A better fit to the data, and coincidence with the present 
theory, would have been obtained had they used b = 23 
also. Thus, it appears that different values of the damping 
coefficient b are required as the surface curvature changes. 

Since the present results and those of Gill and Scher 
( 5 )  do not become approximately coincident until NRe > 
2 x lo4, and since the majority of the eigenvalues calcu- 
lated by Gill and Lee ( 1 4 )  for transitional flow heat trans- 
fer were for NRe < 2 X lo4, it would appear that a recal- 
culation of these eigenvalues is in order. 

It should be clear from Figure 4 that the shortcut 
method of computation (8) used in the preparation of the 
velocity profile curves in reference 5 can lead to very 
serious errors in the transition region, particularly with 
the choice of empirical constants used therein ( 5 ) .  This 
method should, therefore, be avoided. 

Figure 5 is a plot of <o>/u,,, calculated from Equa- 
tion (25) (solid curve) and from the constants of refer- 
ence 5 (dashed curve). A curve similar to the dashed one 
in Figure 5 was discussed qualitatively by Gill and Lee 
( 1 4 )  without comparison with experimental data. Again 
the high Reynolds number behavior of the theory is seen 
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Fig. 5. Ratio of average to maximum velocity as a function of Rey- 
nolds number for isothermal flow of Newtonian fluids in smooth 
straight ducts of constant rectangular cross section and large 
aspect ratio opproximating infinite patollel planes. Solid curve 
was computed from Equation (25). Dashed curve was computed from 
the constants Qf reference 5. Experimental data were taken from 

the sources listed below. 

f Note that the data of Washington and. Marks (22)  for their '/a 
in. duct are here shifted upward by 20% uniformly. This was done he- 
cause their published data in the laminar range closely fit the curve 
f N x a  = 20 rather than the theoretical value of 24. No explanation i$  
offered for this behavior. For this reason, these data were given n 
separate symbol ( A )  from their other data, and included only for 
qualitative comparison purposes. 
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Fig. 6. Ratio of local to average velocity as a function of dimen- 
sionless position, y/h, for isothermal flow of water in smooth rec- 
tangular ducts of large aspect ratio. Experimental data are those 
of authors cited. Solid curves were computed from Equation (24). 

to be the same as was observed with the pipe flow case. 
The data shown in the transition region are those of Whan 
(15) .  It would be desirable to have other data in this re- 
gion to confirm the apparent discrepancy between the 
data and theory. It is suspected that if sufficient data 
were available in this region, scatter similar to that seen 
in Figures 1 and 4 would be observed and would quite 
likely include the theory as occurred in the pipe flow case. 

Figure 6 is a plot of Whan’s velocity profile (15)  data 
for N R ~  = 6,612 showing the good agreement achieved 
between the theory and experimental data in the transition 
region, and the data of Corcoran and coworkers (16) for 
N R e  = 36,400. For the latter data the discrepancy be- 
tween the theory and experiment at high Reynolds num- 
bers is again apparent. 

CONCLUSIONS 
The replacement of the empirical constant introduced 

by Gill and Scher, in their modification ( 5 )  of Van Driest’s 
( 4 )  damping factor for the Prandtl ( 1 )  mixing-length 
model of the mean turbulent flow field, by a theoretically 
calculable parameter (7), has been clearly shown to 
achieve an excellent representation of frictional resistance 
data. Since heat and mass transfer analogies rely upon 
accurate values of the friction factor for their success, the 
present theory clearly offers a considerable possibility of 
success with heat and mass transfer analogy calculations. 

For high Reynolds number flows in both pipes and 
parallel plane channels, the present theory fails to give 
an accurate representation of the velocity profile data in 
the center of the duct. This appears to be due to the in- 
adequacy of the Prandtl mixing-length model, even as 
modified by Van Driest ( 4 )  and the present author, to 
account properly for the variation of the Reynolds stress 
with position when the variation of the total shear stress 
with position is taken into account. It therefore appears 
that further modification of this model is needed if it is 
to provide a satisfactory description of the entire velocity 
field. For the transition region, however, the present theory 
appears to give adequately precise velocity profile curves. 

ACKNOWLEDGMENT 
A portion of this work was conducted under National 

Science Foundation Grant No. GK-550 and part was per- 
formed by the author while serving as a consultant to the 
General Electric Company, Hanford Atomic Products De- 
partment, Richland, Washington. The numerical computations 
were performed using the IBM 7040 computer facility at 
Brigham Young University. 

NOTATION 
a = constant in Gill and Scher theory 

b 
f = Fanning friction factor 
h 
k 
L = mixing length 
NRe* = parameter defined by Equation (4) 
NRe = Reynolds number 
R = N f i e ~ ‘ F  
R,  
u+ = v/u* 
lJ* = VKG 
v = velocity 
vmaX = maximum velocity 
<v> = area mean velocity 
xj = generalized position variable 
tj  = distance variable 
ym 
Greek Symbols 
/L = viscosity of fluid 
5 = dimensionless position variable 
p = density of fluid 

rw = wall momentum flux 

= Van Driest’s damping constant 

= half separation distance for parallel plates 
= Prandtl’s universal mixing length constant 

= critical value of R at laminar-turbulent transition 

= maximum value of y 

r . . ( t )  = generalized Reynolds stress 
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